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Abstract
In this paper, we study integrable multilayer spin systems, namely, the multilayer M-LIII
equation. We investigate their relation with the geometric flows of interacting curves and
surfaces in some space Rn. Then we present their the Lakshmanan equivalent counterparts.
We show that these equivalent counterparts are, in fact, the vector nonlinear Schro¨dinger
equation (NLSE). It is well-known that the vector NLSE is equivalent to the Γ-spin system.
Also, we have presented the transformations which give the relation between solutions of the
Γ-spin system and the multilayer M-LIII equation. It is interesting to note that the integrable
multilayer M-LIII equation contains constant magnetic field H. It seems that this constant
magnetic vector plays an important role in theory of ”integrable multilayer spin system” and
in nonlinear dynamics of magnetic systems. Finally, we present some classes of integrable
models of interacting vortices.
1 Introduction
There is an interesting geometric relationship between geometric flows of curves and surfaces and
integrable nonlinear differential equations [1]-[38]. In the pionering works of nineteenth-century
geometers were already established main connections between the theory of ordinary and partial
differential equations and differential geometry of curves and surfaces. In soliton theory, the well-
known Darboux and Ba¨cklund transformations have origins in the relationship between solutions of
the sine-Gordon equation and pseudospherical surfaces. In this and previous our papers, we launch
the programm to study integrable flows of curves and surfaces related with the vector (multi-
component) nonlinear Schro¨dinger equation (NLSE) and with multilayer spin systems. Under
”curve flows” we usually mean the following equations
eix = C ∧ ei, eit = D ∧ ei, (1.1)
where
C = τe1 + κe3, D = ω1e1 + ω2e2 + ω3e3. (1.2)
Similarly, we can write the geometric flows of immersed surfaces in some Euclidean space. They
are given by the following Gauss-Weingarden equations
χx = Nχ, χt =Mχ. (1.3)
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Integrability conditions of these equations are given by the following Gauss-Mainardi-Codazzi
equation
Nt −Mx + [N,M ] = 0. (1.4)
The aim of the present work is to provide geometric formulations of multilayer spin systems. We
will demonstrate that the multilayer M-LIII equation arises from the flow of interacting curves. The
Lakshmanan equivalent counterparts of the multilayer M-LIII equations are derived from inelastic
curve flows in the Euclidean space. Several new results are obtained by considering different classes
of curves and surfaces.
The outline of this paper is as follows. In the next two sections we give a brief review of
the vector NLSE and the M-LIII equation. In Sections 4-7, we consider the multilayer M-LIII
equations and their relations with the vector NLSE. In Section 8, we provide a Hamilton structure
of the multilayer M-LIII equation. The Γ-spin system which is the gauge equivalent counterpart
of the vector NLSE is presented. The relation between solutions of the multilayer M-LIII equation
and the Γ-spin system is considered in Section 10. The geometric flows of curves and surfaces
were studied in Sections 11 and 12. In Section 13 we present an integrable filament equations of
interacting vortices. At last, in Section 14, we give our conclusions.
2 Brief review of the vector NLSE
In this section we recall some general facts about the vector NLS equation. The vector NLS
equation has many physical significant applications such as modeling crossing sea waves and in
propagation of elliptically birefringent optical fibers.
2.1 The equation
The vector NLSE reads as
iq1t + q1xx − vq1 = 0, (2.1)
iq2t + q2xx − vq2 = 0, (2.2)
... (2.3)
iqNt + qNxx − vqN = 0, (2.4)
where
v + 2(|q1|
2 + |q2|
2 + · · ·+ |qN |
2) = 0. (2.5)
The Manakov system is the particular case of the vector NLSE when N = 2. The Manakov system
we studied in [39]-[45].
2.2 Lax representation
The vector NLS equation (2.1)-(2.3) is integrable by the inverse scattering method. Its Lax repre-
sentation (LR) reads as
Φx = UΦ, (2.6)
Φt = V Φ, (2.7)
where Φ = (φ1, φ2, φ3) and
U = −iλΣ+ U0, V = −2iλ
2Σ + 2λU0 + V0. (2.8)
Here
Σ =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 , U0 =


0 q1 q2 q3
−q¯1 0 0 0
−q¯2 0 0 0
−q¯3 0 0 0

 , (2.9)
2
V0 = i


|q1|
2 + |q2|
2 + |q3|
2 q1x q2x q3x
q¯1x −|q1|
2 −q¯1q2 −q¯1q3
q¯2x −q¯2q1 −|q2|
2 −q¯2q3
q¯3x −q¯3q1 −q¯3q2 −|q3|
2

 . (2.10)
3 Brief review of the 1-layer M-LIII equation
3.1 The equation
3.1.1 The general form
For the pedagogical reason, in this section, we present some informations on the M-LIII equation
for the 1-layer case. Consider the spin vectorA = (A1, A2, A3), where A
2 = 1. Let this spin vector
obey the 1-layer M-LIII equation which reads as
At +A ∧Axx + u1Ax + F = 0, (3.1)
where u1(x, t, Aj , Ajx) is the real function (potential), F is some vector function. The matrix form
of the M-LIII equation looks like
iAt +
1
2
[A,Axx] + iu1Ax + F = 0, (3.2)
where
A =
(
A3 A
−
A+ −A3
)
, A2 = I = diag(1, 1), A± = A1 ± iA2. (3.3)
F =
(
F3 F
−
F+ −F3
)
, F± = F1 ± iF2. (3.4)
3.1.2 The vector form
Sometime we consider the following particular case of the M-LIII equation
At +A ∧Axx + u1Ax + v1H ∧A = 0, (3.5)
where v1(x, t, Aj , Ajx) is the real function (potential), H = (0, 0, 1) is the constant magnetic field.
3.1.3 The matrix form
The matrix form of this equation has the form
iAt +
1
2
[A,Axx] + iu1Ax + v1[σ3, A] = 0. (3.6)
3.1.4 The w – form
We now introduce a new complex function w as
w =
A+
1 +A3
. (3.7)
Then the M-LIII equation takes the form
iwt − wxx +
2w¯w2x
1 + |w|2
= F ′, (3.8)
where F ′ is some complex function of the form
F ′ = F ′(w,wx, w¯, w¯x, u, v, ). (3.9)
It is the w-form of the M-LIII equation.
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3.1.5 The r – form
Let us introduce the new function R as
R = ∂−1x S. (3.10)
Then the r-form of the M-LIII equation reads as
Rt = Rx ∧Rxx + uRx + 2vH ∧R+ L, (3.11)
where
L = −∂−1x [uxRx + 2vxH ∧R]. (3.12)
3.2 The Lakshmanan equivalent counterpart
Let us find the Lakshmanan equivalent counterpart of the 1-layer M-LIII equation (2.1)-(2.2). To
do that, consider 3-dimensional curve in R3. This curve is given by the following vectors ek. These
vectors satisfy the following equations
 e1e2
e3


x
= C

 e1e2
e3

 ,

 e1e2
e3


t
= D

 e1e2
e3

 . (3.13)
Here e1, e2 and e3 are the unit tangent, normal and binormal vectors to the curve, x is its arclength
parametrising the curve. The matrices C and G have the forms
C =

 0 k1 0−k1 0 τ1
0 −τ1 0

 , G =

 0 ω3 −ω2−ω3 0 ω1
ω2 −ω1 0

 . (3.14)
The curvature and torsion of the curve are given by the following formulas
k1 =
√
e21x, τ1 =
e1 · (e1x ∧ e1xx)
e21x
. (3.15)
The compatibility condition of the equations (3.7) is given by
Ct −Gx + [C,G] = 0, (3.16)
or in elements
k1t = ω3x + τ1ω2, (3.17)
τ1t = ω1x − k1ω2, (3.18)
ω2x = τ1ω3 − k1ω1. (3.19)
Now we do the following identifications:
A ≡ e1, F = F1e1 + F2e2 + F3e3. (3.20)
Then we have
k21 = A
2
x, (3.21)
τ1 =
A · (Ax ∧Axx)
A2x
, (3.22)
and
ω1 = −
k1xx + F2τ1 + F3x
k1
+ (τ1 − u1)τ1, (3.23)
ω2 = k1x + F3, (3.24)
ω3 = k1(τ1 − u1)− F2, (3.25)
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with F1 = E1 = 0. The equations for k1 and τ1 reads as
k1t = 2k1xτ1 + k1τ1x − (u1k1)x − F2x + F3τ1, (3.26)
τ1t =
[
−
k1xx + F2τ1 + F3x
k1
+ (τ1 − u1)τ1 −
1
2
k21
]
x
− F3k1. (3.27)
Next we introduce a new complex function as
q1 =
κ1
2
e−i∂
−1
x
τ1 . (3.28)
This function satisfies the following equation
iq1t + q1xx + 2|q1|
2q1 + ... = 0. (3.29)
It is the desired Lakshmanan equivalent counterpart of the M-LIII equation (3.5). If u1 = v1 = 0,
it turns to the NLSE
iq1t + q1xx + 2|q1|
2q1 = 0. (3.30)
4 The 2-layer M-LIII equation
In this section we consider the 2-layer M-LIII equation. As shown in [39]-[45], the 2-layer M-LIII
equation is integrable by the inverse scattering transform (IST).
4.1 The equation
In this paper, we consider two spin vectors A = (A1, A2, A3) and B = (B1, B2, B3), where A
2 =
B2 = 1. Let these spin vectors satisfy the following 2-layer M-LIII equation or the coupled M-LIII
equation
At +A ∧Axx + u1Ax + 2v1H ∧A = 0, (4.1)
Bt +B ∧Bxx + u2Bx + 2v2H ∧B = 0, (4.2)
or in matrix form
iAt +
1
2
[A,Axx] + iu1Ax + v1[σ3, A] = 0, (4.3)
iBt +
1
2
[B,Bxx] + iu2Bx + v2[σ3, B] = 0, (4.4)
where H = (0, 0, 1)T is the constant magnetic field, uj and vj are coupling potentials. Here
u1 = i[(q¯2g1g¯3 − q2g¯1g3) + (q¯3g1g¯4 − q3g¯1g4)], (4.5)
v1 = −[|q2|
2(∆1 + |g3|
2) + |q3|
2(∆1 + |g4|
2) + q2q¯3g3g¯4 + q¯2q3g¯3g4], (4.6)
u2 = i[(q¯2g1g¯3 − q2g¯1g3) + (q¯3g1g¯4 − q3g¯1g4)], (4.7)
v2 = −[|q2|
2(∆1 + |g3|
2) + |q3|
2(∆1 + |g4|
2) + q2q¯3g3g¯4 + q¯2q3g¯3g4], (4.8)
where
∆1 = |g1|
2 + |g2|
2, (4.9)
∆2 = |g1|
2 + |g3|
2, (4.10)
∆ = |g1|
2 + |g2|
2 + |g3|
2. (4.11)
In components, the coupled M-LIII equation (4.1)-(4.2) reads as
iA+t + (A
+A3xx −A
+
xxA3) + iu1A
+
x − 2v1A
+ = 0, (4.12)
iA−t − (A
−A3xx −A
−
xxA3) + iu1A
−
x + 2v1A
− = 0, (4.13)
iA3t +
1
2
(A−A+xx −A
−
xxA
+) + iu1A3x = 0, (4.14)
iB+t + (B
+B3xx −B
+
xxB3) + iu2B
+
x + 2v2B
+ = 0, (4.15)
iB−t − (B
−B3xx −B
−
xxB3) + iu2B
−
x + 2v2B
− = 0, (4.16)
iB3t +
1
2
(B−B+xx −B
−
xxB
+) + iu2B3x = 0, (4.17)
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or
A1t +A2A3xx −A2xxA3 + u1A1x − 2v1A2 = 0, (4.18)
A2t +A3A1xx −A3xxA1 + u1A2x − 2v1A1 = 0, (4.19)
A3t +A1A2xx −A1xxA2 + u1A3x = 0, (4.20)
B1t +B2B3xx −B2xxB3 + u2B1x − 2v2B2 = 0, (4.21)
B2t +B3B1xx −B3xxB1 + u2B2x − 2v2B1 = 0, (4.22)
B3t +B1B2xx −B1xxB2 + u2B3x = 0. (4.23)
4.2 The Lakshmanan equivalent counterpart
In this subsection we present the Lakshmanan equivalent counterpart of the 2-layer M-LIII equation
(2.1)-(2.2) Now we consider two interacting 3-dimensional curves in Rn. These curves are given by
the following two basic vectors ek and lk. The motion of these curves is defined by the following
equations 
 e1e2
e3


x
= C

 e1e2
e3

 ,

 e1e2
e3


t
= D

 e1e2
e3

 , (4.24)
and 
 l1l2
l3


x
= L

 l1l2
l3

 ,

 l1l2
l3


t
= N

 l1l2
l3

 . (4.25)
Here e1, e2 and e3 are the unit tangent, normal and binormal vectors respectively to the first curve,
l1, l2 and l3 are the unit tangent, normal and binormal vectors respectively to the second curve, x
is the arclength parametrising these both curves. The matrices C,D,L,N are given by
C =

 0 k1 0−k1 0 τ1
0 −τ1 0

 , G =

 0 ω3 −ω2−ω3 0 ω1
ω2 −ω1 0

 , (4.26)
L =

 0 k2 0−k2 0 τ2
0 −τ2 0

 , N =

 0 θ3 −θ2−θ3 0 θ1
θ2 −θ1 0

 . (4.27)
For the curvatures and torsions of curves we obtain
k1 =
√
e21x, τ1 =
e1 · (e1x ∧ e1xx)
e21x
, (4.28)
k2 =
√
l21x, τ2 =
l1 · (l1x ∧ l1xx)
l21x
. (4.29)
The equations (3.9) and (3.11) are compatible if
Ct −Gx + [C,G] = 0, (4.30)
Lt −Nx + [L,N ] = 0. (4.31)
In elements these equations take the form
k1t = ω3x + τ1ω2, (4.32)
τ1t = ω1x − k1ω2, (4.33)
ω2x = τ1ω3 − k1ω1, (4.34)
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and
k2t = θ3x + τ2θ2, (4.35)
τ2t = θ1x − k2θ2, (4.36)
θ2x = τ2θ3 − k2θ1. (4.37)
Our next step is the following identifications:
A ≡ e1, B ≡ l1. (4.38)
We also assume that
F = F1e1 + F2e2 + F3e3, E = E1l1 + E2l2 + E3l3, (4.39)
where
F = 2v1H ∧A, E = 2v2H ∧B. (4.40)
Then we obtain
k21 = A
2
x, (4.41)
τ1 =
A · (Ax ∧Axx)
A2x
, (4.42)
k22 = B
2
x, (4.43)
τ2 =
B · (Bx ∧Bxx)
B2x
, (4.44)
and
ω1 = −
k1xx + F2τ1 + F3x
k1
+ (τ1 − u1)τ1, (4.45)
ω2 = k1x + F3, (4.46)
ω3 = k1(τ1 − u1)− F2, (4.47)
θ1 = −
k2xx + E2τ2 + E3x
k2
+ (τ2 − u2)τ2, (4.48)
θ2 = k2x + E3, (4.49)
θ3 = k2(τ2 − u2)− E2. (4.50)
with
F1 = E1 = 0. (4.51)
We now can write the equations for kj and τj . They look like
k1t = 2k1xτ1 + k1τ1x − (u1k1)x − F2x + F3τ1, (4.52)
τ1t =
[
−
k1xx + F2τ1 + F3x
k1
+ (τ1 − u1)τ1 −
1
2
k21
]
x
− F3k1, (4.53)
k2t = 2k2xτ2 + k2τ2x − (u2k2)x − E2x + E3τ2, (4.54)
τ2t =
[
−
k2xx + E2τ2 + E3x
k2
+ (τ2 − u2)τ2 −
1
2
k22
]
x
− E3k2. (4.55)
Let us now introduce new four real functions αj and βj as
α1 = 0.5k1
√
1 + ζ1, (4.56)
β1 = τ1(1 + ξ1), (4.57)
α2 = 0.5k2
√
1 + ζ2, (4.58)
β2 = τ2(1 + ξ2), (4.59)
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where
ζ1 =
2|WA−x −MA
−|2
W 2(1 +A3)2A2x
− 1, (4.60)
ζ2 =
2|W [(1 +A3)(1 +B3)
−1B−]x −M [(1 +A3)(1 + B3)
−1B−]|2
W 2(1 +A3)2B2x
− 1, (4.61)
ξ1 =
R¯xR− R¯Rx − 4i|R|
2νx
2iα21W
2(1 +A3)2τ1
− 1, (4.62)
ξ2 =
Z¯xZ − Z¯Zx − 4i|Z|
2νx
2iα22W
2(1 +A3)2τ2
− 1. (4.63)
Here
W = 2 +
(1 +A3)(1 −B3)
1 +B3
= 2 +K, (4.64)
M = A3x +
A+A−x
1 +A3
+
A3x(1−B3)
1 +B3
+
(1 +A3)B
+B−x
(1 +B3)2
−
(1 +A3)(1 −B3)B3x
(1 +B3)2
, (4.65)
R = WA−x −MA
−, (4.66)
Z = W [(1 +A3)(1 +B3)
−1B−]x −M [(1 +A3)(1 +B3)
−1B−]. (4.67)
with
ν = ∂−1x
[
A1A2x −A1xA2
(1 +A3)W
−
(1 +A3)(B1xB2 −B1B2x)
(1 +B3)2W
]
. (4.68)
We now ready to write the equations for the functions αi and βj. They satisfy the following
four equations
α1t − 2α1xβ1 − α1β1x = 0, (4.69)
β1t +
[
α1xx
α1
− β21 + 2(α
2
1 + α
2
2)
]
x
= 0, (4.70)
α2t − 2α2xβ2 − α2β2x = 0, (4.71)
β2t +
[
α2xx
α2
− β22 + 2(α
2
1 + α
2
2)
]
x
= 0. (4.72)
Let us now we introduce new two complex functions as
q1 = α1e
−i∂−1
x
β1 , (4.73)
q2 = α2e
−i∂−1
x
β2 . (4.74)
It is not difficult to verify that these functions satisfy the following Manakov system
iq1t + q1xx + 2(|q1|
2 + |q2|
2)q1 = 0, (4.75)
iq2t + q2xx + 2(|q1|
2 + |q2|
2)q2 = 0. (4.76)
Thus we have shown that the Manakov system (3.60)-(3.61) is the Lakshmanan equivalent coun-
terpart of the 2-layer M-LIII equation or, in other terminology, the coupled M-LIII equation
(4.1)-(4.2).
5 The 3-layer M-LIII equation
5.1 The equation
In this paper, we consider three spin vectors A = (A1, A2, A3), B = (B1, B2, B3) and C =
(C1, C2, C3), where A
2 = B2 = C2 = 1. Let these spin vectors satisfy the 3-layer M-LIII equation
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of the form
At +A ∧Axx + u1Ax + 2v1H ∧A = 0, (5.1)
Bt +B ∧Bxx + u2Bx + 2v2H ∧B = 0, (5.2)
Ct +C ∧Cxx + u3Cx + 2v3H ∧C = 0, (5.3)
or in matrix form
iAt +
1
2
[A,Axx] + iu1Ax + v1[σ3, A] = 0, (5.4)
iBt +
1
2
[B,Bxx] + iu2Bx + v2[σ3, B] = 0, (5.5)
iCt +
1
2
[C,Cxx] + iu3Cx + v3[σ3, C] = 0. (5.6)
Here uj and vj are coupling potentials and have the forms
u1 = i[(q¯2g1g¯3 − q2g¯1g3) + (q¯3g1g¯4 − q3g¯1g4)], (5.7)
v1 = −[|q2|
2(∆1 + |g3|
2) + |q3|
2(∆1 + |g4|
2) + q2q¯3g3g¯4 + q¯2q3g¯3g4], (5.8)
u2 = i[(q¯1g¯2 + q¯3g¯4)g1 − (q1g2 + q3g4)q¯1], (5.9)
v2 = −
2
∆2
[|q1|
2(∆2 + |g2|
2) + |q3|
2(∆2 + |g4|
2) + q1q¯3g2g¯4 + q¯1q3g¯2g4], (5.10)
u3 =
2i
∆3
[(q¯1g¯2 + q¯2g¯3)g1 − (q1g2 + q2g3)g¯1], (5.11)
v3 = −
2
∆3
[|q1|
2(∆3 + |g2|
2) + |q2|
2(∆3 + |g3|
2) + q1q¯2g2g¯3 + q¯1q2g¯2g3], (5.12)
where
∆1 = |g1|
2 + |g2|
2, (5.13)
∆2 = |g1|
2 + |g3|
2, (5.14)
∆3 = |g1|
2 + |g4|
2, (5.15)
∆ = |g1|
2 + |g2|
2 + |g3|
2 + |g4|
2. (5.16)
5.2 The Lakshmanan equivalent counterpart
In this subsection we obtain the Lakshmanan equivalent counterpart of the 3-layer M-LIII equation
(2.1)-(2.2). For this purpose we consider three interacting 3-dimensional curves in some Eucledian
space. These curves are given by the following three vectors ek, lk and nk. These vectors are
governed by the following equations
 e1e2
e3


x
= C

 e1e2
e3

 ,

 e1e2
e3


t
= D

 e1e2
e3

 , (5.17)

 l1l2
l3


x
= L

 l1l2
l3

 ,

 l1l2
l3


t
= N

 l1l2
l3

 , (5.18)

 n1n2
n3


x
=M

 n1n2
n3

 ,

 n1n2
n3


t
= J

 n1n2
n3

 . (5.19)
The matrices C,D,L,N are given by
C =

 0 k1 0−k1 0 τ1
0 −τ1 0

 , G =

 0 ω3 −ω2−ω3 0 ω1
ω2 −ω1 0

 , (5.20)
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L =

 0 k2 0−k2 0 τ2
0 −τ2 0

 , N =

 0 θ3 −θ2−θ3 0 θ1
θ2 −θ1 0

 , (5.21)
M =

 0 k3 0−k3 0 τ3
0 −τ3 0

 , J =

 0 δ3 −δ2−δ3 0 δ1
δ2 −δ1 0

 . (5.22)
For the curvatures and torsions of curves we obtain
k1 =
√
e21x, τ1 =
e1 · (e1x ∧ e1xx)
e21x
, (5.23)
k2 =
√
l21x, τ2 =
l1 · (l1x ∧ l1xx)
l21x
, (5.24)
k3 =
√
n21x, τ3 =
n1 · (n1x ∧ n1xx)
n21x
. (5.25)
The equations (3.9) and (3.11) are compatible if
Ct −Gx + [C,G] = 0, (5.26)
Lt −Nx + [L,N ] = 0, (5.27)
Mt − Jx + [M,J ] = 0. (5.28)
In elements these equations take the form
k1t = ω3x + τ1ω2, (5.29)
τ1t = ω1x − k1ω2, (5.30)
ω2x = τ1ω3 − k1ω1 (5.31)
k2t = θ3x + τ2θ2, (5.32)
τ2t = θ1x − k2θ2, (5.33)
θ2x = τ2θ3 − k2θ1. (5.34)
and
k3t = δ3x + τ2δ2, (5.35)
τ3t = δ1x − k3δ2, (5.36)
δ2x = τ3δ3 − k3δ1. (5.37)
As in the previous section we assume the following identifications:
A ≡ e1, B ≡ l1, C ≡ n1. (5.38)
We also assume that
F = F1e1 + F2e2 + F3e3, E = E1l1 + E2l2 + E3l3, P = P1n1 + P2n2 + P3n3, (5.39)
where
F = 2v1H ∧A, E = 2v2H ∧B, P = 2v3H ∧C. (5.40)
Then we obtain
k21 = A
2
x, (5.41)
τ1 =
A · (Ax ∧Axx)
A2x
, (5.42)
k22 = B
2
x, (5.43)
τ2 =
B · (Bx ∧Bxx)
B2x
, (5.44)
k23 = C
2
x, (5.45)
τ3 =
C · (Cx ∧Cxx)
C2x
, (5.46)
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and
ω1 = −
k1xx + F2τ1 + F3x
k1
+ (τ1 − u1)τ1, (5.47)
ω2 = k1x + F3, (5.48)
ω3 = k1(τ1 − u1)− F2, (5.49)
θ1 = −
k2xx + E2τ2 + E3x
k2
+ (τ2 − u2)τ2, (5.50)
θ2 = k2x + E3, (5.51)
θ3 = k2(τ2 − u2)− E2, (5.52)
δ1 = −
k3xx + P2τ3 + P3x
k3
+ (τ3 − u3)τ3, (5.53)
δ2 = k3x + P3, (5.54)
δ3 = k3(τ3 − u3)− P2, (5.55)
with
F1 = E1 = P1 = 0. (5.56)
As a result, we obtain the following equations for kj and τj . They read as
k1t = 2k1xτ1 + k1τ1x − (u1k1)x − F2x + F3τ1, (5.57)
τ1t =
[
−
k1xx + F2τ1 + F3x
k1
+ (τ1 − u1)τ1 −
1
2
k21
]
x
− F3k1, (5.58)
k2t = 2k2xτ2 + k2τ2x − (u2k2)x − E2x + E3τ2, (5.59)
τ2t =
[
−
k2xx + E2τ2 + E3x
k2
+ (τ2 − u2)τ2 −
1
2
k22
]
x
− E3k2, (5.60)
k3t = 2k3xτ3 + k3τ3x − (u3k3)x − P2x + P3τ3, (5.61)
τ3t =
[
−
k3xx + P2τ3 + P3x
k3
+ (τ3 − u3)τ3 −
1
2
k23
]
x
− P3k3. (5.62)
According to our approach (see e.g. the refs. [39]-[45]), we now introduce the following new
functions αj and βj as
α1 = 0.5k1
√
1 + ζ1, (5.63)
β1 = τ1(1 + ξ1), (5.64)
α2 = 0.5k2
√
1 + ζ2, (5.65)
β2 = τ2(1 + ξ2), (5.66)
α3 = 0.5k3
√
1 + ζ3, (5.67)
β3 = τ3(1 + ξ3). (5.68)
where ζj and ξj are some real functions. We now can show that the equations for the functions αi
and βj read as
α1t − 2α1xβ1 − α1β1x = 0, (5.69)
β1t +
[
α1xx
α1
− β21 + 2(α
2
1 + α
2
2 + α
2
3)
]
x
= 0, (5.70)
α2t − 2α2xβ2 − α2β2x = 0, (5.71)
β2t +
[
α2xx
α2
− β22 + 2(α
2
1 + α
2
2 + α
2
3)
]
x
= 0, (5.72)
α3t − 2α3xβ3 − α3β3x = 0, (5.73)
β3t +
[
α3xx
α3
− β23 + 2(α
2
1 + α
2
2 + α
2
3)
]
x
= 0. (5.74)
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Next we introduce new three complex functions qj as
q1 = α1e
−i∂−1
x
β1 , (5.75)
q2 = α2e
−i∂−1
x
β2 , (5.76)
q3 = α3e
−i∂−1
x
β3 . (5.77)
The straight calculation shows that these functions obey the following vector NLS equation
iq1t + q1xx + 2(|q1|
2 + |q2|
2 + |q3|
2)q1 = 0, (5.78)
iq2t + q2xx + 2(|q1|
2 + |q2|
2 + |q3|
2)q2 = 0, (5.79)
iq3t + q3xx + 2(|q1|
2 + |q2|
2 + |q3|
2)q3 = 0. (5.80)
Thus we have proved that the 3-component NLS equation (5.78)-(5.80) is the Lakshmanan equiv-
alent counterpart of the 3-layer M-LIII equation (2.1)-(2.2).
6 The 4-layer M-LIII equation
6.1 The equation
In this section we study the 4-layer M-LIII equation. It is given as
At +A ∧Axx + u1Ax + 2v1H ∧A = 0, (6.1)
Bt +B ∧Bxx + u2Bx + 2v2H ∧B = 0, (6.2)
Ct +C ∧Cxx + u3Cx + 2v3H ∧C = 0, (6.3)
Dt +D ∧Dxx + u4Dx + 2v4H ∧D = 0. (6.4)
(6.5)
In matrix form, this equation takes the form
iAt +
1
2
[A,Axx] + iu1Ax + v1[σ3, A] = 0, (6.6)
iBt +
1
2
[B,Bxx] + iu2Bx + v2[σ3, B] = 0, (6.7)
iCt +
1
2
[C,Cxx] + iu3Cx + v3[σ3, C] = 0, (6.8)
iDt +
1
2
[D,Dxx] + iu4Dx + v4[σ3, D] = 0, (6.9)
where A = (A1, A2, A3), B = (B1, B2, B3), C = (C1, C2, C3), D = (D1, D2, D3) and A
2 = B2 =
C2 = D2 = 1. Here uj and vj are coupling potentials.
6.2 The Lakshmanan equivalent counterpart
The similar algebra as in the previous sections shows that the Lakshmanan equivalent counterpart
of the 4-layer M-LIII equation (2.1)-(2.2) reads as
iq1t + q1xx + 2(|q1|
2 + |q2|
2 + |q3|
2 + |q4|
2)q1 = 0, (6.10)
iq2t + q2xx + 2(|q1|
2 + |q2|
2 + |q3|
2 + |q4|
2)q2 = 0. (6.11)
iq3t + q3xx + 2(|q1|
2 + |q2|
2 + |q3|
2 + |q4|
2)q3 = 0. (6.12)
iq4t + q4xx + 2(|q1|
2 + |q2|
2 + |q3|
2 + |q4|
2)q4 = 0. (6.13)
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7 The N-layer M-LIII equation
7.1 The equation
In this section we present the N -layer M-LIII equation. This equation can be written as
A
(1)
t +A
(1) ∧A(1)xx + u1A
(1)
x + 2v1H ∧A
(1) = 0, (7.1)
A
(2)
t +A
(2) ∧A(2)xx + u2A
(2)
x + 2v2H ∧A
(2) = 0, (7.2)
... (7.3)
A
(N)
t +A
(N) ∧A(N)xx + uNA
(N)
x + 2vNH ∧A
(N) = 0. (7.4)
Let us rewrite this equation in the matrix form as
iA
(1)
t +
1
2
[A(1), A(1)xx ] + iu1A
(1)
x + v1[σ3, A
(1)] = 0, (7.5)
iA
(2)
t +
1
2
[A(2), A(2)xx ] + iu2A
(2)
x + v2[σ3, A
(2)] = 0, (7.6)
... (7.7)
iA
(N)
t +
1
2
[A(N), A(N)xx ] + iuNA
(N)
x + vN [σ3, A
(N)] = 0, (7.8)
where A(j) = (A
(j)
1 , A
(j)
2 , A
(j)
3 ) and A
(j)2 = 1 with
A(j) =
(
A
(j)
3 A
(j)−
A(j)+ −A
(j)
3
)
, A(j)2 = I, A(j)± = A
(j)
1 ± iA
(j)
2 , (7.9)
and uj and vj are some coupling potentials.
7.2 The Lakshmanan equivalent counterpart
We now can write the Lakshmanan equivalent counterpart of the N-layer M-LIII equation (7.1)-
(7.4). It is the following vector NLSE
iq1t + q1xx + 2(|q1|
2 + |q2|
2 + · · ·+ |qN |
2)q1 = 0, (7.10)
iq2t + q2xx + 2(|q1|
2 + |q2|
2 + · · ·+ |qN |
2)q2 = 0, (7.11)
... (7.12)
iqNt + qNxx + 2(|q1|
2 + |q2|
2 + · · ·+ |qN |
2)qN = 0. (7.13)
8 Hamiltonian structure
In this section we briefly present main elements of the Hamiltonian structure of the multilayer M-
LIII equation. As example, here we consider only N = 3 case that is the 3-layer M-LIII equation
(5.1)-(5.3). Let us start from quantum Heisenberg magnetic model for the 3-layer case. We write
it as
Hˆ = J
∑
(AˆiAˆi+1 + BˆiBˆi + CˆiCˆi) + Hˆint. (8.1)
In classical limit, this model takes the form
H = J
∑
(AiAi+1 +BiBi + CiCi) +Hint. (8.2)
The continuum limit of this model looks like
H = Ha +Hb +Hc +Hint, (8.3)
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where
Ha = 0.5
∫
A2xdx, Hb = 0.5
∫
B2xdx, Hc = 0.5
∫
C2xdx,Hint = 0.5
∫
hintdx, (8.4)
with hint = hint(Aj , Bj , Cj , Ajx, Bjx, Cjx). The Hamilton form of the 3-layer M-LIII equation
(5.1)-(5.3) is given by
Ait = {H,Ai} = ǫijk
δH
δAj
Ak, (8.5)
Bit = {H,Bi} = ǫijk
δH
δBj
Bk, (8.6)
Cit = {H,Ci} = ǫijk
δH
δCj
Ck. (8.7)
Here the Poisson bracket is given by
{P,Q} = ǫijk
∫ [
δP
δAi
δQ
δAj
Ak +
δP
δBi
δQ
δBj
Bk +
δP
δCi
δQ
δCj
Ck
]
dx. (8.8)
Hence for the components of the spin vectors we obtain
{Ai, Aj} = ǫijkAkδ(x− y), (8.9)
{Bi, Bj} = ǫijkBkδ(x− y), (8.10)
{Ci, Cj} = ǫijkCkδ(x− y). (8.11)
and
{Ai, Bj} = {Ai, Bj} = {Ai, Cj} = 0. (8.12)
9 The Γ – spin system
In the previous section we have shown that between the multilayer M-LIII equation and the vector
NLSE takes place the Lakshmanan equivalence. But it is well known that there exists another
”spin system”, namely, the Γ-spin system which is also (gauge) equivalent to the vector NLSE.
The Γ-spin system reads as
iΓt +
1
2
[Γ,Γxx] = 0, (9.1)
where
Γ = (Γij) ∈ su(N + 1). (9.2)
10 The relation between solutions of the multilayer M-LIII
equation and the Γ-spin system
It is natural that the solutions of the multilayer M-LIII equation (4.3)-(4.4) and the Γ-spin system
(9.1) is related to each other by some exact transformations. As example, here we present these
transformations for the 2-layer M-LIII equation that is for N = 2 case.
10.1 Direct M-transformation
Let A and B be the solution of the 2-layer M-LIII equation (4.3)-(4.4). Then, according to the
direct M-transformation [39]-[45], the solutions of the Γ-spin system (9.1) are expressed as
Γ =
1
2 +K


2A3 −K 2A
− 2(1+A3)B
−
1+B3
2A+ −(2A3 +K)
2A+B−
1+B3
2(1+A3)B
+
1+B3
2A−B+
1+B3
K − 2

 , (10.1)
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where
K =
(1 +A3)(1−B3)
1 +B3
. (10.2)
10.2 Inverse M-transformation
We now consider the inverse M-transformation. Let Γij be solutions of the Γ – spin system (9.1).
Then the solutions of the coupled or (that same) 2-layer M-LIII equation (4.3)-(4.4) are defined as
A =
1
1− Γ33
(
Γ11 − Γ22 2Γ12
2Γ21 Γ22 − Γ11
)
, (10.3)
B =
1
1− Γ22
(
Γ11 − Γ33 2Γ13
2Γ31 Γ33 − Γ11
)
, (10.4)
where Γij are given by the formulas (9.2). Similarly, we find the direct and inverse M-transformations
for N 6= 2 cases.
11 Geometric flows of immersed surfaces
Let rj = rj(x, t) be the position vector of the immersed j-th surface in the some Euclidean space.
Such surfaces are given by the following set of first fundamental forms
I1 = dx
2 + 2r1x · r1tdxdt+ r
2
1tdt
2, (11.1)
I2 = dx
2 + 2r2x · r2tdxdt+ r
2
2tdt
2, (11.2)
... (11.3)
IN = dx
2 + 2rNx · rNtdxdt + r
2
Ntdt
2, (11.4)
where we assumed that r2x = 1. We write the set of the second fundamental forms as
II1 = L1dx
2 + 2M1dxdt +N1dt
2, (11.5)
II2 = L2dx
2 + 2M2dxdt +N2dt
2, (11.6)
... (11.7)
IIN = LNdx
2 + 2MNdxdt+NNdt
2. (11.8)
Finally, we can also write the third fundamental forms. As it is well known, the third fundamental
forms can be written in terms of the first and second forms as
III1 = 2H1II1 −K1I1, (11.9)
III2 = 2H2II2 −K2I2, (11.10)
... (11.11)
IIIN = 2HNIIN −KNIN , (11.12)
where Hj and Kj are the mean curvature and the Gaussian curvature of the j-th surface respec-
tively.
12 Geometric flows of curves
In this section we want to present another but the equivalent approach to derive the Lakshmanan
equivalent of the 1-layer M-LIII equation (3.5). For this purpose we consider the curve which is
given by
rt = ae1 + be2 + ce3, (12.1)
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where e1, e2 and e3 denote the tangent, normal and binormal vectors of the curve, respectively.
The velocities a, b and c depend on the κ and τ as well as their derivatives with respect to arclength
parameter x. The arclength parameter x is defined implicitly by ds = hdp, h = |r(p)|, where p
is a free parameter and is independent of time. From the flow (12.1), the time evolutions of the
vectors ej are given by
e˙3 = (ax − τb+ κc) e1 + (bx + τa) e2, (12.2)
e˙1 = −
(
ax − τb + κc)e3 +
[
1
κ
(bx + τa
)
x
+
τ
κ
(ax − τb + κc)
]
e2, (12.3)
e˙2 = − (bx + τa) e3 −
[
1
κ
(bx + τa)x +
τ
κ
(ax − τb + κc)
]
e1, (12.4)
h˙ = 2h(cx − κa) (12.5)
and
τt =
[
1
κ
(bx + τa) +
τ
κ
(ax − τb) + τ
∫ x
κadx′
]
+ κτa+ κbx, (12.6)
κt = axx +
(
κ2 − τ2
)
a+ κx
∫ x
κadx′ − 2τbx − τxb. (12.7)
Assuming that the flow is intrinsic, namely that the arclength does not depend on time, it
implies from (12.5) that
cs = κa. (12.8)
Let a = 0, b = κ, where κ is a real function, then (12.8) implies that c = c1, where c1 is a constant.
Let c1 = 0, then the set of equations (12.2)-(12.4) takes the form
e˙3 = −τκe1 + κxe2,
e˙1 = τκe3 +
[κxx
κ
− τ2
]
e2,
e˙2 = −κxe3 −
[κxx
κ
− τ2
]
e1. (12.9)
13 Integrable filament equations of interacting vortices
Let us consider the following r-form of the multilayer M-LIII equation, shortly, the multilayer
r-M-LIII equation
rjt = rjx ∧ rjxx + ujrjx + 2vjH ∧ rj + Lj , (13.1)
where j = 1, 2, · · · , N and
Lj = −∂
−1
x [ujxrjx + 2vjxH ∧ rj ]. (13.2)
This closed set of equations is integrable. It describes the (integrable) interaction of N vortices.
Indeed, this system is the closed set of the filament equations for interacting N vortices. In the
case uj = vj = 0, we obtain the following uncoupled (noninteracting) N vortices filament equations
rjt = rjx ∧ rjxx. (13.3)
14 Conclusion
In this paper, we have shown that the N -layer M-LIII equation can be related with the geometric
flows of interacting curves and surfaces in some space Rn. Then we have found the Lakshmanan
equivalent counterparts of the N -layer M-LIII equations. After some algebra we have proved that
these counterparts in fact are the vector NLSE. On the other hand, it is well-known that the vector
NLSE is equivalent to the Γ-spin system. Also, we have presented the transformations which give
the relation between solutions of the Γ-spin system and the multilayer M-LIII equation. It is
interesting to understand the role of the constant magnetic field H. It seems that this constant
magnetic vector plays an important role in our construction of integrable multilayer spin systems
and in nonlinear dynamics of multilayer magnetic systems.
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